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ÐÅØÅÍÈÅ ÇÀÄÀ×È ÑÂÎÁÎÄÍÎÃÎ ÐÀÑÒÅÊÀÍÈß
Â ÏËÎÑÊÎÑÒÈ ÃÎÄÎÃÐÀÔÀ ÑÊÎÐÎÑÒÈ

Ïðåäëàãàåòñÿ íîâûé ïîäõîä ê îïèñàíèþ êðàéíåé ëèíèè òîêà â ïëîñêîñòè ãîäîã-
ðàôà ñêîðîñòè äëÿ áóðíîãî ñâîáîäíîðàñòåêàþùåãîñÿ ñòàöèîíàðíîãî ïîòîêà âîäû.
Ïðåäëàãàåìîå ðåøåíèå óäîâëåòâîðÿåò óñëîâèÿì íåïðåðûâíîñòè ïàðàìåòðîâ òå÷å-
íèÿ íà âûõîäå èç òðóáû â íèæíèé áüåô. Ïîêàçàíà àäåêâàòíîñòü íîâîãî ðåøåíèÿ
ïðåäûäóùåìó ïî÷òè íà âñåì ïëàíå òå÷åíèÿ.

Êðàéíÿÿ ëèíèÿ òîêà, ïðÿìîóãîëüíàÿ òðóáà, ãîðèçîíòàëüíîå îòâîäÿùåå ðóñëî.

The article describes a new approach to the description of the extreme current line
in the plane of the velocity hodograph for torrential freely spreading stationary water
flow. The proposed solution meets the requirements of continuous flow parameters at the
pipe outlet downstream. There is shown an adequacy of the new solution to the previous
one on the almost whole flow plan.

Extreme current line, rectangular pipe, horizontal discharge channel.

Â ðàáîòàõ [1, 2] áûëî ïîëó÷åíî
óðàâíåíèå ìàòåìàòè÷åñêîé ôèçèêè â ÷à-
ñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà
äëÿ ôóíêöèè òîêà áóðíîãî ñâîáîäíîðà-
ñòåêàþùåãîñÿ ïîòîêà:
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ãäå ψ = ψ  (τ; θ) – ôóíêöèÿ òîêà; τ – àðãóìåíò,

èçìåíÿþùèéñÿ â ïðåäåëàõ 0

1
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3
2�(��3�(�2  ÿâëÿ-

þùèéñÿ êâàäðàòîì ìîäóëÿ âåêòîðà ñêîðîñòè
æèäêîé ÷àñòèöû; θ –  óãîë íàêëîíà âåêòîðà
ñêîðîñòè æèäêîé ÷àñòèöû ê ïðîäîëüíîé îñè
ñèììåòðèè ïîòîêà (ðèñ. 1).

Â âûøåóêàçàííûõ ðàáîòàõ áûëî
íàéäåíî ïðèáëèæåííîå àíàëèòè÷åñêîå
ðåøåíèå óðàâíåíèÿ (1) äëÿ âåðõíåé
êðàéíåé ëèíèè òîêà (êîòîðóþ â äàëü-
íåéøåì áóäåì íàçûâàòü ïðîñòî êðàé-
íåé ëèíèåé òîêà)
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ãäå À – ïîñòîÿííàÿ, îïðåäåëÿåìàÿ èç ãðàíè÷-
íûõ óñëîâèé çàäà÷è.

Îäíàêî ðåøåíèå (2) íå óäîâëåòâî-
ðÿåò óðàâíåíèþ êðàéíåé ëèíèè òîêà:
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ãäå b – øèðèíà âîäîïðîïóñêíîé òðóáû; v

0
 –

ìîäóëü âåêòîðà ñêîðîñòè íà âûõîäå èç òðóáû â
øèðîêîå îòâîäÿùåå ðóñëî.

Â ñâÿçè ñ ýòèì íà âûõîäå ïîòîêà
èç òðóáû íàðóøàåòñÿ íåïðåðûâíîñòü
òå÷åíèÿ ïî ïàðàìåòðàì τ, θ.

Ðèñ. 1. Ïëàí ñâîáîäíîãî ðàñòåêàíèÿÏëàí ñâîáîäíîãî ðàñòåêàíèÿÏëàí ñâîáîäíîãî ðàñòåêàíèÿÏëàí ñâîáîäíîãî ðàñòåêàíèÿÏëàí ñâîáîäíîãî ðàñòåêàíèÿ
áóðíîãî ïîòîêàáóðíîãî ïîòîêàáóðíîãî ïîòîêàáóðíîãî ïîòîêàáóðíîãî ïîòîêà
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Öåëüþ ïðîâåäåííûõ àâòîðàìè èñ-
ñëåäîâàíèé áûë ïîèñê ïðèáëèæåííûõ
ðåøåíèé óðàâíåíèÿ (1) â îêðåñòíîñòè
òî÷êè K(θ = 0; τ = τ

0
), óäîâëåòâîðÿ-

þùèõ óñëîâèþ íåïðåðûâíîñòè ïî ïà-
ðàìåòðàì (τ, θ) äëÿ êðàéíåé ëèíèè òîêà
â ïëàíå ðàñòåêàíèÿ ïîòîêà.

Óðàâíåíèå (1) áóäåì ðåøàòü òàê:
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ãäå α > 0.

Êðèâóþ âèäà (4) áóäåì ðàññìàòðè-
âàòü, ó÷èòûâàÿ, ÷òî äëÿ êðàéíåé ëèíèè
òîêà (4) âûïîëíÿåòñÿ óñëîâèå
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Ïîñêîëüêó íà êðàéíåé ëèíèè òîêà
âûïîëíÿåòñÿ óñëîâèå (3), òî èç (7), ÷òî

% &
0

0

v
.

2 1
��

��(

b
B  (8)

Ðàññìîòðèì òåïåðü ïîâåäåíèå
ôóíêöèè (4) ïðè τ → 1. Íà êðàéíåé
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ãäå θ
max

 – óãîë ìåæäó âåêòîðîì ñêîðîñòè è îñüþ
ñèììåòðèè ïîòîêà Îõ íà áåñêîíå÷íîñòè.

Ó÷èòûâàÿ óñëîâèå (3), èç (9) èìååì:
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Òàêîìó æå çíà÷åíèþ ïîñòîÿííàÿ À
ðàâíà è â âûðàæåíèè (2) äëÿ ôóíêöèè ψ
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ñòîÿííûõ À è Â óðàâíåíèå äëÿ êðàéíåé
ëèíèè òîêà áóäåò èìåòü ñëåäóþùèé âèä:
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Èññëåäóåì ñâîéñòâà êðèâîé ψ
2
 ïðè

èçìåíåíèè àðãóìåíòà τ. Íà êðàéíåé
ëèíèè òîêà èç (11) ïîëó÷èì:
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Âûÿñíèì ïîâåäåíèå óãëà θ â çàâè-
ñèìîñòè îò τ. Äëÿ ýòîãî ñíà÷àëà îïðå-
äåëèì ïîâåäåíèå ôóíêöèè 1/sin θ ïî τ.
Èç (12) ïîëó÷èì:
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Íàéäåì ïðîèçâîäíóþ îò âûðàæå-
íèÿ (13) ïî τ:
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Ïîñêîëüêó âûïîëíÿþòñÿ ñîîòíî-
øåíèÿ
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òî êàæäîå èç ñëàãàåìûõ ïðàâîé ÷àñòè
ðàâåíñòâà (14) ïðè óñëîâèÿõ (15)
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îòðèöàòåëüíî, ñëåäîâàòåëüíî, ôóíêöèÿ
1/sin θ óáûâàåò, ñîîòâåòñòâåííî sin θ –
ìîíîòîííî âîçðàñòàþùàÿ ôóíêöèÿ.
Òàêèì îáðàçîì, íà êðàéíåé ëèíèè òîêà
âîçðàñòàíèþ àðãóìåíòà τ ñîîòâåòñòâóåò
ìîíîòîííîå âîçðàñòàíèå óãëà θ.

Ñðàâíèì âçàèìíîå ðàñïîëîæåíèå
êðèâûõ ψ
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 è ψ

2
 â ïëîñêîñòè ãîäîãðàôà

ñêîðîñòè. Äëÿ ýòîãî êðèâóþ (2) ïðåä-
ñòàâèì òàê:
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Àíàëîãè÷íî êðèâóþ (11) ïðåäñòà-
âèì â âèäå
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Èññëåäóåì òåïåðü, â êàêèõ ãðàíè-
öàõ êðèâûå f
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2
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ñÿ ìåæäó ñîáîé. Òàêàÿ ñèòóàöèÿ áóäåò
èìåòü ìåñòî â òîì ñëó÷àå, êîãäà ìàëî
áóäóò îòëè÷àòüñÿ óãëû ïðè îäèíàêîâûõ
çíà÷åíèÿõ τ. Íåòðóäíî âèäåòü, ÷òî
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Îïðåäåëèì èíòåðâàë ïî τ, íà êîòî-
ðîì âûïîëíÿåòñÿ îöåíêà
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ãäå ε – ïîãðåøíîñòü àïïðîêñèìàöèè, êîòîðàÿ â
ïðàêòè÷åñêèõ ðàñ÷åòàõ îáû÷íî ïðèíèìàåòñÿ â
ïðåäåëàõ îò 3  äî 5 %.

Ïóñòü ñíà÷àëà ïåðåìåííàÿ τ óäîâ-
ëåòâîðÿåò óñëîâèþ
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Îöåíèì òåïåðü ðàçíîñòü f
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Ïðè ýòîì äîëæíî áûòü âûïîëíåíî ñëå-
äóþùåå óñëîâèå:
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Óñëîâèå (22) áóäåò âûïîëíåíî, åñëè
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Ðåøàÿ íåðàâåíñòâî (23) îòíîñè-
òåëüíî α, ïîëó÷èì:
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Ïðè ïðîåêòèðîâàíèè äîðîæíûõ
âîäîïðîïóñêíûõ ñîîðóæåíèé ÷èñëî Ôðó-
äà íà âûõîäå èç òðóáû Fr
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Ó÷èòûâàÿ íåðàâåíñòâà (25) è ïî-
ëàãàÿ, ÷òî m = 6/7, èç (24) ïîëó÷èì:
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Òàêèì îáðàçîì, ôóíêöèÿ ψ
2

âûðàæåíèåì (11) îïðåäåëÿåòñÿ òåïåðü
îäíîçíà÷íî. Âûÿñíèì, â êàêîì äèàïà-
çîíå èçìåíåíèÿ ïåðåìåííîé x â ôèçè-
÷åñêîé ïëîñêîñòè íàõîäèòñÿ êðàéíÿÿ
ëèíèÿ òîêà, åñëè
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% &
1

0 0
; 1 1 �

� �
(7 ( � � ( -� �

�  
m  êðèâûå ψ

1
 è ψ

2

ñóùåñòâåííî îòëè÷àþòñÿ, ñîîòâåòñòâåí-
íî îíè îòëè÷àþòñÿ è â ïëîñêîñòè ãî-
äîãðàôà ñêîðîñòè íà îòðåçêå [0; x

ì
],

êîòîðûé ñîîòâåòñòâóåò óñëîâèÿì (27).
Äëÿ îïðåäåëåíèÿ ãðàíèö èçìåíåíèÿ
àðãóìåíòà õ íà êðàéíåé ëèíèè òîêà,
ñîîòâåòñòâóþùèõ óñëîâèÿì (27), âîñ-
ïîëüçóåìñÿ ôîðìóëîé èç [1], îïðåäåëÿ-
þùåé àáñöèññó òî÷êè Ì ïî èçâåñòíîìó
çíà÷åíèþ τ

ì
:
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ãäå g – óñêîðåíèå ñèëû òÿæåñòè.

Ñëåäóåò îòìåòèòü, ÷òî ôîðìóëà (28)
ñïðàâåäëèâà äëÿ êðèâîé (2), à äèàïàçîí
èçìåíåíèÿ àðãóìåíòà τ ó ôóíêöèè ψ
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% & % &

1

2
K K max

K
1 1

2 2
K K 0 0

sin sin ;

cos 1
,

1 1

�
1 � ( 1�

�
1� ��

�( � ( ( � (!

 (30)

ïðè ýòîì çíà÷åíèå θ
max

 âû÷èñëÿåòñÿ ïî
ôîðìóëå [3]:

% &

% &

0
max

0

0

0

3 1
3 1 arctg

2 1

3 1
3 arctg .

3 1

(���8
1 � � � �

��(

(���
�

��(

 (31)

Çíà÷åíèå τ
M
 îïðåäåëÿåì èç (27):

% &
1

M 0
1 1 .�( � � � ( -m  (32)

Ïîëàãàÿ, ÷òî â (31) ε = 0,03, âû÷èñëÿåì:

% &M 0

9
1 1 .

14
( � � � (  (33)

Óïðîñòèì âûðàæåíèå êîýôôèöè-
åíòà â ôîðìóëå (28), èñïîëüçóÿ èçâåñò-
íûå [1] âûðàæåíèÿ äëÿ ãëóáèíû h

0
 è

ñêîðîñòè v
0
:

% &0 0 01 ;h H� � (
1

2
0 0 0

v 2 .�( gH

Ñëåäîâàòåëüíî,

% &

% &

0 0 00

0 0 max 0 0

1

2
0

max

v 1

2 2 2sin 2 2

1
.

4sin

��(
� �

1

� ( (
�

1

bHAh

H gH gH H

b  (34)

Òàêèì îáðàçîì, àáñöèññà òî÷êè M
ïðåäñòàâëÿåò ñîáîé âûðàæåíèå âèäà
x

Ì
 = bF(τ

0
).

Âûðàæåíèå äëÿ ôóíêöèè F(τ
0
) ïî-

ëó÷àåòñÿ, åñëè âû÷èñëèòü τ
K
 èç ñèñòåìû

(30), à âåëè÷èíû  θ
max

 è τ
M
 – ïî ôîðìóëàì

(31), (33). Òàêèå ïðåîáðàçîâàíèÿ áûëè ðå-
àëèçîâàíû â ñðåäå ïðèêëàäíûõ ìàòåìà-
òè÷åñêèõ ïðîãðàìì Maple 9.5. Ãðàôèê
ôóíêöèè F(τ

0
) ïðåäñòàâëåí íà ðèñ. 2.

Îòðèöàòåëüíûå çíà÷åíèÿ àáñöèñ-
ñû x

M
 ïðè τ

0
 < 0,58 îáúÿñíÿþòñÿ ñëå-

äóþùèì îáðàçîì: ôîðìóëà (28) äëÿ
íàõîæäåíèÿ ãðàíèö ïî x îïðåäåëÿëàñü
äëÿ êðèâîé ψ

1
, çàäàâàåìîé óðàâíåíèåì

(2), çíà÷åíèÿ ïåðåìåííîé τ óäîâëå-
òâîðÿþò óñëîâèþ (29), ò.å. äàæå ïðè

Ðèñ. 2. Ãðàôèê ôóíêöèè Ãðàôèê ôóíêöèè Ãðàôèê ôóíêöèè Ãðàôèê ôóíêöèè Ãðàôèê ôóíêöèè FFFFF(((((τττττ
00000
)))))

x
b

0(

% &0
x

F
b
� (

0,1
x
b
�

Î

0,1

0,3

0,5

0,7

0,5 0,6 0,7 0,8 0,9 1
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τ
0 
= 1/3 çíà÷åíèå τ

K
 = 0,58.

Ïðè ïðîåêòèðîâàíèè äîðîæíûõ
âîäîïðîïóñêíûõ ñîîðóæåíèé çíà÷åíèÿ
ïàðàìåòðà τ

0
 èñïîëüçóþòñÿ â ïðåäåëàõ

îò 3/7 äî 5/7, èëè τ
0 

∈ [0,42; 0,72]. (35)
Èç ðèñ. 2 íåòðóäíî âèäåòü, ïðè

òàêèõ çíà÷åíèÿõ ïàðàìåòðà τ
0
 âûïîë-

íÿåòñÿ óñëîâèå
x/b < 0,1.

Òàêèì îáðàçîì, êðèâûå ψ
1
 è

ψ
2
 ïðè óñëîâèÿõ (35) ïðàêòè÷åñêè ñî-

âïàäàþò â ïëàíå ðàñòåêàíèÿ ïîòîêà, çà
èñêëþ÷åíèåì ìàëîãî ó÷àñòêà ïîòîêà
âáëèçè âûõîäíîé òðóáû, øèðèíà êîòî-
ðîãî íå ïðåâîñõîäèò 0,1b (ðèñ. 3).

äëÿ êðàéíåé ëèíèè òîêà % &2 1

1

100 %
f f

f

�
* � �

íå ïðåâîñõîäèò 3 %.
Ðåøåíèå ψ

2
 óäîâëåòâîðÿåò óñëîâèþ

íåïðåðûâíîñòè òå÷åíèÿ íà âûõîäå èç
òðóáû (ïðè τ = τ

0
, θ = 0). Óãîë  θ íà êðè-

âîé ψ
2
 ìîíîòîííî âîçðàñòàåò ñ ðîñòîì τ.

Óðàâíåíèå êðàéíåé ëèíèè òîêà
óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì ñâî-
áîäíîãî ðàñòåêàíèÿ áóðíîãî ïîòîêà êàê
íà âûõîäå èç òðóáû, òàê è íà áåñêîíå÷-
íîñòè.
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Ïðè çíà÷åíèÿõ τ
0
 îò 3/7 äî 5/7

(ò.å. â òåõ äèàïàçîíàõ çíà÷åíèé, êîòî-
ðûå èñïîëüçóþòñÿ ïðè ïðîåêòèðîâàíèè
äîðîæíûõ âîäîïðîïóñêíûõ ñîîðóæå-
íèé) è çíà÷åíèÿõ x ≥ 0,1b îòíî-
ñèòåëüíîå ðàññîãëàñîâàíèå âûðàæåíèé


